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RATIONAL MAPS FROM PUNCTUAL HILBERT SCHEMES OF K3 SURFACES
by
Hsueh-Yung Lin
Résumé. — The purpose of this short note is to study dominant rational maps from punctual Hilbert schemes of
length k ≥ 2 of projective K3 surfaces. Precisely, we prove that their image is necessarily rationally connected if the
rational map is not generically finite. As an application, we simplify C. Voisin’s proof of the fact that symplectic
involutions of any projective K3 surface S act trivially on CH0(S).
1 Introduction
In this note, we will work throughout over the field of complex numbers C. Recall that a K3 surface S
is by definition a smooth projective surface with trivial canonical bundle KS = Ω
2
S
and vanishing H1(S,OS).
The Hilbert scheme of zero-dimensional subschemes of length k ≥ 2 on the K3 surface Swill be denoted by
S[k].
Recall that a proper variety X is said to be uniruled (resp. rationally connected) if a general point x ∈ X
(resp. two general points x, y ∈ X) is contained in the image of a non-constant map P1 → X. These are
obviously birationally invariant properties. It is also clear that CH0(X) = Z for any rationally connected
varietyX. When X is smooth, rational connectedness is equivalent to the a prioriweaker condition that two
general points can be joined by a chain of rational curves [KMM92, Theorem 2.1].
The following is the main result we obtain in this article :
Theorem 1.1. — If f : S[k] d B is a dominant rational map to a variety B with dimB < dimS[k], then either B is a
point or rationally connected.
One can compare this theorem with a result of Matsushita [Mat99], showing that for any surjective
morphism from an irreducible symplectic manifold to a projective base B of positive dimension, if the
general fiber is of positive dimension, then B is Fano. As an application of Theorem 1.1, we will give an
alternative proof of C. Voisin’s main result in [Voi12].
Theorem 1.2 (Voisin). — Suppose S is a projective K3 surface and ı is a symplectic involution acting on S, then ı
acts as the identity on CH0(S).
The motivation for the statement of Theorem 1.2 comes from the following conjecture, which is a
consequence of the generalized Bloch conjecture for surfaces [Voi02, Partie VII] :
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Conjecture 1.3. — If S is a surface with q = h0,1 = 0 and f : S → S is an automorphism of finite order acting
trivially on H0(S,Ω2
S
), then the induced map f∗ acts as the identity on CH0(S).
A series of examples of surfaces with q = 0 is provided by K3 surfaces S. Such surfaces have one-
dimensional H0(S,Ω2
S
) generated by a non-degenerated holomorphic two-form η. An automorphism f :
S → S such that f ∗η = η is called a symplectic automorphism.
A recent new advance of Conjecture 1.3 for K3 surfaces was made by D. Huybrechts and M. Kemeny
in [HK13]. They worked with invariant elliptic curves and solved Conjecture 1.3 for K3 surfaces with
symplectic involutions f in one of the three series in the classification introduced by van Geemen and
Sarti [BvG07]. In [Voi12], C. Voisin showed in general that symplectic involutions act trivially on CH0(S)
for any projective K3 surface S. The general statement of Conjecture 1.3 for K3 surfaces is proved soon after
in [Huy12] by D. Huybrechts.
Theorem 1.4 (Huybrechts, Voisin). — Let S be a projective K3 surface, η be a non-zero holomorphic two-form on
S, and f : S → S be a symplectic automorphism of finite order on S, then f acts trivially on CH0(S).
Aswas shown byNikulin in [Nik80], the only possible orders of f range fromone to eight. InHuybrechts’
proof, he studied case by case according to these finitely many possible orders using derived technique and
Garbagnati and Sarti’s classification results [GS07] on lattices of the invariant part H2(X,Z) f of the action
of symplectic automorphism f with prime order.
The main construction in Voisin’s proof [Voi12] of Theorem 1.2 is the factorization
S[1] CH0(S)
P(S,H)(C˜ /C )
γS
Γ∗
(1.1)
whereP(S,H)(C˜ /C ) is the universal Prym variety associated to a complete linear system of curves of genus 1
in the quotient surface S/ı. Details of the above constructionwill be given in Section 4. Ourmain application
of Theorem 1.1 is the following
Theorem 1.5. — Any smooth projective compactification of P(S,H)(C˜ /C ) is rationally connected.
The organization of this paper is as follows. In Section 2, wewill recall somewell-known facts concerning
rationally connected varieties and use them to reformulate Theorem 1.1. Then we will prove Theorem 1.1
in Section 3. In Section 4, we will explain how Theorem 1.5 gives an alternative proof of Theorem 1.2.
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2 Remarks on rationally connected varieties
In this section, we first recall the definition of MRC-fibrations and introduce the main theorem of
Graber-Harris-Starr in [GHS03]. Then we will use them to give a reformulation of Theorem 1.1.
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Recall from [KMM92] that for any variety X, there exists a rational map φ : X d B unique up to
birational equivalence characterized by the following properties :
(i) a general fiber of φ is rationally connected ;
(ii) for a general point b ∈ B, any rational curve passing through Xb := φ
−1(b) is actually contained in Xb.
The map φ : Xd B is called the maximal rationally connected (or MRC for short) fibration of X. The funda-
mental question whether the base B of an MRC-fibration is not uniruled remained open for a while [Kol96,
Conjecture IV.5.6]. It was finally answered by T. Graber, J. Harris, and J. Starr as a direct corollary of their
main theorem in their paper [GHS03] :
Theorem 2.1 (Graber-Harris-Starr). — Let 1 : X → C be a proper morphism between complex varieties where C
is a smooth curve. If the general fiber of 1 is rationally connected, then 1 has a section.
Remark 2.2. — This theorem was later generalized by Starr and de Jong to varieties defined over an
arbitrary algebraically closed field : any proper morphism from a smooth variety to a smooth curve whose
general fibers are smooth and separably rationally connected has a section [?].
In particular, Theorem 2.1 implies :
Corollary 2.3 (Graber-Harris-Starr [GHS03]). — Let 1 : X d Z be a maximal rationally connected fibration
where X is an irreducible variety, then Z is not uniruled.
Let us recall for completeness the proof of the above corollary.
Proof. — After resolving the rational map 1 and singularities of X, we can assume that 1 is a morphism
and X is smooth. Suppose that Z were uniruled, then there exists a rational curve C passing through a
general point of Z and we can suppose that 1 is dominant on C. Denote by C˜ the normalization of C. Up to
replacing X ×Z C˜ by its desingularization, the map 1C : X ×Z C˜→ C˜ has a section D by Theorem 2.1, which
is also a rational curve. Thus if y ∈ D, the rational curve D passes through y and is not contracted by 1,
which is absurd because 1 : X → Z is an MRC-fibration. 
Remark 2.4. — An equivalent formulation of Corollary 2.3 is the following : if f : X d B is a dominant
map such that both the general fibers of f and the base B are rationally connected, then X is rationally
connected as well [Kol96, Proposition IV.5.6.3].
Thanks to Corollary 2.3, we can easily show that
Corollary 2.5. — In Theorem 1.1, it is equivalent to show that B is either a point or uniruled.
Proof. — Onlyonedirectionneeds tobeproved.Assume that Theorem1.1 is truewhen replacing "rationally
connected" with "uniruled". Suppose B is not a point ; let B d B′ be an MRC fibration of B. Since B′ is not
uniruled by Corollary 2.3, we deduce that B′ is a point by assumption. Hence B is rationally connected. 
3 Proof of Theorem 1.1
Let us first prove the following general result.
Lemma 3.1. — Let f : X d B be a rational dominant map between smooth projective varieties such that dimX >
dimB. If D is an ample divisor on X, then the restriction map f|D is still dominant provided B is not uniruled.
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Remark 3.2. — The following example shows that the hypothesis of B not being uniruled is essential in
the above lemma. Let l be a line in P2 and p a point in P2 which is not contained in l. If f : P2 d l is the
projection from p, then f is dominant and every line in P2 containing p is contracted to a point under f .
Remark 3.3. — Before we start the proof, we remark that any birational modification of the rational map
f : S[k] d B and the base Bwill not affect the hypotheses and the conclusion in Theorem 1.1. For instance up
to desingularization of B, we can always suppose that B is smooth and complete. This kind of modification
will be repeatedly used in the proof of Theorem 1.1.
Proof of Lemma 3.1. — Let f˜ : X˜ → B be a resolution of f after a sequence of blow-ups pi : X˜ → X of X.
Denote by D˜ the proper transform of D and D′ := pi−1(D). Since D is ample and [D′] = pi∗[D] in Pic(X˜), one
deduces that D′ is a big divisor. Suppose k = dimX − dimB and denoted by H ∈ NS(X˜) the class of an
ample divisor on X˜. As f˜ is dominant, the class f˜ ∗[x] ·Hk−1 ∈ H2(X,R), where x is a point of B, is a class of a
movable curve. So [D′] · f˜ ∗[x] ·Hk−1 > 0 [BDPP13, Corollary 2.5], hence the restriction f˜|D′ is dominant.
Now let y be a very general point of B such that there is no rational curve passing through y. We know
that there exists x ∈ D′ such that y = f˜ (x). As pi(x) ∈ D, the fiber Ex := pi
−1(pi(x)) intersects D˜. On the other
hand, this fiber is connected and rationally connected. As there is no rational curve passing through y,
the fiber Ex is contracted to y by f˜ . As Ex meets D˜, we conclude that f˜
−1(y) ∩ D˜ , ∅, so f˜
|D˜
(hence f|D) is
dominant. 
Proof of Theorem 1.1. — Assuming B is not uniruled, by Corollary 2.5 it suffices to show that B is a point.
Using the natural map Sk d S[k], instead of dealing with S[k] d B it is equivalent to look at the maps Sk d B
which are invariant under the action of Sk on S
k by permutation.
Let D be a rational curve lying in an ample linear system of S (whose existence is due to Bogomolov-
Mumford [SM83]). Since O(D)⊠k is ample on Sk, we deduce by Lemma 3.1 that the restriction of f to
∪k
i=1
Si−1 ×D × Sk−i (with S0 ×D × Sk−1 = D × Sk−1 and Sk−1 × D × S0 = Sk−1 × D) is dominant. As this union
is finite, we can suppose without loss of generality that the restriction to D× Sk−1 of f is dominant. (In fact,
since f is symmetric, this is always the case.)
Since D × Sk−1 d B is dominant, for a general point z ∈ Sk−1 the rational curve D × z is contracted to a
point by f (whenever defined). Up to birational equivalence of B, we can suppose that D × z is contracted
to a point for every point z ∈ Sk−1 by Remark 3.3. Since D × z is ample in S × z, the fibers of the restriction
map fz := f|S×z have positive dimension (which is a consequence of Hodge index theorem). So either S × z
is contracted to a curve Cz or to a point.
Next, suppose that S × z is contracted to a curve Cz. Since 0 = q(S) ≥ q(Cz), Cz is necessarily a rational
curve. Set
U :=
⋃
S×z contracted to a curve
S × z ⊂ S × Sk−1.
Since by assumption B is not uniruled, the restriction of f to U is not dominant. Therefore up to birational
modification of B, we can suppose that f contracts S × z to a point for any z ∈ Sk−1. As f is symmetric, we
deduce that for all 0 < i ≤ k, the map f contracts z× S× z′ to a point for any z ∈ Si−1 and z′ ∈ Sk−i. Therefore
the image of f is a point, and we are done.

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4 Triviality of symplectic involution actions on CH0(S)
The aim of this section is to give an alternative proof of Theorem 1.2 that symplectic involutions of a K3
surface S act as the identity map on CH0(S) using Theorem 1.1.
Let ı be a symplectic involution of S and let Γ = ∆S − Γı ∈ CH
2(S × S) where Γı ∈ S × S is the graph
of ı. Before we start the proof, let us recall the factorization of Γ∗ : S
[1] → CH0(S) constructed by Voisin
in [Voi12], which is used in an essential way both in Voisin’s proof and ours.
4.1 Prym varieties and a factorization of Γ∗ : S
[1] → CH0(S) Let pi : C˜ → C be an étale double cover of a
smooth curve C and consider the involution i : C˜ → C˜ that interchanges the preimages of any point p ∈ C.
This involution i induces an endomorphism on the Jacobian of C˜ denoted i∗ : J(C˜) → J(C˜), and the Prym
variety of C˜→ C is defined as
Prym
C˜/C
= Im (Id − i∗) = Ker (Id + i∗)
◦ ,
where for any algebraic group G, G◦ denotes the connected component containing the identity of G. It is
an abelian variety carrying a principal polarization and it is easy to see that Prym
C˜/C
is also isomorphic to
Ker (pi∗)
◦, where pi∗ is the norm map pi∗ : J(C˜) → J(C). Using that pi∗ is surjective and the Riemann-Hurwitz
formula, we deduce that dimPrym
C˜/C
= 1 − 1 where 1 is the genus of C.
Now let Σ := S/ı be the (singular) quotient surface of S by the involution ı. Choose a very ample line
bundle H ∈ Pic(Σ) and assume that c1(H)
2 = 21 − 2. Since the canonical line bundle KΣ is trivial, the genus
of smooth curves in |H| is 1 and h0(H) = 1 + 1.
Let U ⊂ S[1] be a Zariski open subset parametrizing reduced subschemes s = s1 + . . .+ s1 ∈ S
[1] such that
there exists a unique smooth curve Cs in |H| passing through the image of each si in Σ. Since Cs is a smooth
curve, its inverse image C˜s ⊂ S is smooth, connected, and is an étale cover of Cs, which contains s1, . . . , s1.
One notices that Γ∗(s) =
∑
i ([si] − ı∗[si]) ∈ CH0(S) does not depend on albC˜s (
∑
i ([si] − ı∗[si])) ∈ PrymC˜s/Cs ,
thus we obtain the following factorization of Γ|U∗ : U → CH0(S) :
U CH0(S)
P(S,H)(C˜ /C )
γ
Γ|U∗
p
(4.1)
where C → U′ ⊂ |H| (resp. C˜ → U′) is the universal smooth curve over the Zariski open set U′ of |H|
parametrizing smooth curves (resp. universal family of double coverings over U′), P(S,H)(C˜ /C ) is the
corresponding universal Prym varieties over U′, and γ is defined as
γ(s) = alb
C˜s

∑
i
([si] − ı∗[si])
 .
4.2 Proof of Theorem 1.2 With the same notations introduced in the last paragraph, let us first make the
factorization 4.2 more precise. Let I ∈ CH2(S[1] × S) be the class of the incidence correspondence. Notice
that Γ∗ : S
[1] → CH0(S) factors through
Γ∗ : CH0(S
[1]) → CH0(S),
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where Γ := I − (IdS[1] , ı)(I) ∈ CH
2(S[1] × S). Let P be a smooth compactification of P(S,H)(C˜ /C ). Let
V
S[1] P
p q
γ
(4.2)
be a resolution of γ defined in the previous paragraph. Since Chow groups of zero-cycles are invariant
under birational modifications, the rational map γ defines canonically the pushfoward map by γ∗ := q∗p
∗ :
CH0(S
[1]) → CH0(P).
Lemma 4.1. — There exists a codimension 2 correspondence Γ′ ∈ CH2(P × S) such that
Γ
′
∗ ◦ γ∗ = Γ∗ : CH0(S
[1]) → CH0(S).
Proof. — From the definition of γ, it suffices to show that there exists Γ′ ∈ CH2(P × S) such that the
morphism p : P(S,H)(C˜ /C ) → CH0(S) introduced in 4.2 factors through Γ
′
∗ : CH0(P) → CH0(S). Let D be
the restriction to P(S,H)(C˜ /C ) ×U C˜ of the universal Poincaré divisor (unique up to linear equivalence) in
J ac
(
C˜ /U
)
. The inclusions of eachfiber of C˜ → U inSdefine amapφ : P(S,H)(C˜ /C )×UC˜ → P(S,H)(C˜ /C )×S.
Let Γ′ be the closure of φ(D) in P × S, then the induced correspondence Γ′∗ : CH0(P) → CH0(S) gives a
factorization of p : P(S,H)(C˜ /C ) → CH0(S) by construction.

From the existence of the rational map γ : S[1] dP and Theorem 1.1, one now deduces
Corollary 4.2. — CH0
(
P
)
is isomorphic to Z.
Proof. — One has the dominant rational map γ : S[1] dP with dimS[1] = 21 > 21− 1 = dimP . Hence P
is rationally connected by Theorem 1.1, so CH0(P) ≃ Z.

Corollary 4.3. — The morphism Γ∗ : CH0(S
[1]) → CH0(S) is identically zero.
Proof. — Using Lemma 4.1, Γ∗ factors through CH0
(
P
)
. As CH0
(
P
)
≃ Z by Corollary 4.2, Γ∗[z] is inde-
pendent of z ∈ S[1] where [z] again denotes the class of z in CH0
(
S[1]
)
. By choosing for z an ı-invariant
zero-cycle, we conclude that Γ∗[z] = 0 for any z.

Proof of Theorem 1.2. — Corollary 4.3 implies Theorem 1.2 by the following factorization
S[1] CH0(S)
CH0(S
[1]) CH0(P)
Γ∗
γS∗
using the fact that for a point z of S[1] corresponding to a subscheme Z of S, the classes [z] ∈ CH0(S
[1]) and
[Z] ∈ CH0(S) satisfy Γ∗[z] = [Z] − ı∗[Z].

Remark 4.4. — It is tempting to ask whether one could apply this method to symplectic automorphisms
σ of arbitrary finite order d > 2 instead of symplectic involutions. Unfortunately, this method fails to
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generalize for dimension reasons. Indeed, choosing a very ample line bundle H on the quotient K3 surface
S/( f ) such that c1(H)
2 = 21 − 2, then exactly as above, for a general point s = (s1, . . . , s1) ∈ S
1 there exists a
unique smooth curve Cs ∈ |H| of genus 1 such that its inverse image C˜s in S contains s1, . . . , s1. Taking
Γ∗(s) =
∑
i
(
[si] − f∗[si]
)
,
one could again construct the factorization
S[1] CH0(S)
P(S,H)(C˜ /C )
γS
Γ∗
p
with this time, the fiber of the universal Prym variety P(S,H)(C˜ /C ) → U over a smooth curve C ∈ U is the
Prym variety of the étale cyclic covering pi : C˜ → C induced by the quotient map S → S/( f ) and is defined
by
Prym
C˜/C
= Im (Id − σ∗) = Ker
(
Id + σ∗ + · · · + σ
d−1
∗
)◦
,
where σ∗ : J(C˜) → J(C˜) is the induced map on the Jacobian. Hence
dimP(S,H)(C˜ /C ) = (d − 1)(1 − 1) + 1 ≥ 21 = dimS
[1],
so we cannot apply Theorem 1.1.
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